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1. INTRODUCTION 
 
1.1. Statement of the problem 
 
The importance of issues concerning durability during the design process has been continuously 
increasing recently [32], [34], [68]. Besides the construction expenses, the reduction of 
maintenance costs is becoming a more and more important aspect in case of larger projects 
(highway and railway infrastructure, industrial and public buildings, etc.) [32], [36], [68]. 
Maintenance costs are partially generated by deterioration of structural elements due to improper 
usage of the structure. These accidental events are usually difficult to predict. Rheological 
changes of material properties due to environmental effects can be, however modeled and these 
changes can be considered during the design [6], [46]. The ability of comparing the load carrying 
capacity of a structure to the expected load effects at any point of time can help us design 
structures with adequate resistance during the whole lifetime. Excessive deterioration of the 
structure due to rheological effects can be avoided or the necessary maintenance and repair can 
be more precisely scheduled by the use of such design process. Design codes usually include 
principles for durability-design; however, process parameters can be defined by general 
classification of structural type, environmental conditions and material properties only. More 
exact results and accordingly, cost effective structural solutions can be achieved by the use of 
probabilistic design method considering more accurate values of process parameters. Such a 
method (see Chapter 1.2.2.) is, however too complex for the everyday use but practicing 
designers have the demand for effective and easy to use design methods. In order to meet all 
these requirements, a method for durability-design by stochastic approach is presented [34], [35]. 
The durability of the structure is on the one hand, calculated by sophisticated probabilistic design 
method; on the other hand results of analysis are presented by charts that can be easily used by 
designers [34], [35]. 
 
Design of prefabricated reinforced concrete and prestressed concrete structures is an appropriate 
field for the application of such a detailed durability analysis. In case of pre-cast structural 
members, the stochastic characteristics of process parameters (e.g. mean values and standard 
deviations of structural geometry and material properties) can easily be obtained from the results 
of quality control and furthermore, the manufacturing conditions of members can be precisely 
controlled. There was a production valley of prefabricated concrete elements in Hungary at the 
beginning of ‘90s due to several reasons. The production started to grow again after 1993 and 
today the market of prefabricated members is expanding dynamically. For example, 120000 m2 
of new warehouses were built with prefabricated elements during the last 5 years [25]. Two of 
the recently finished pre-cast concrete buildings are illustrated on Fig. 1. Considering the large 
number of produced elements, it is important to keep the manufacturing and maintenance costs 
on an optimal level. The presented design method can be used for the life-cycle estimation of 
prefabricated concrete girders under given circumstances. Results of the analysis can be used to 
reduce the maintenance costs or to schedule the necessary repair work. 
 
In this dissertation the stochastic distribution of structural resistance as a function of time was 
analyzed in case of pre-cast, prestressed concrete beams. Changes of material properties and 
structural sizes due to aging of materials and carbonation induced corrosion of steel bars were 
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considered during the analysis. Stochastic parameters of structural resistance were calculated by 
stochastic finite element method (SFEM). The implemented method was used to create design 
charts for prestressed beams. The probability of failure as a function of time is presented on these 
charts. They can be used for easy and effective life-cycle design of pre-cast members [34], [35]. 
 

   
 Airport maintenance base, Ferihegy   Shopping center in Nyíregyháza 
 

Fig. 1. Recently finished buildings made of prefabricated concrete members 
 
 
1.2. Probabilistic methods in structural engineering 
 
1.2.1. Historical review 
 
Probabilistic methods in engineering practice were first applied in the field of hydrology. 
Mathematical statistics was later also used by transportation engineers and finally structural 
engineers started to use probabilistic approach for the design. A. M. Freudenthal was the first 
person to evaluate a safety factor by stochastic approach for the design of airplanes. However, the 
allowed level of risk was still not defined for the calculations. Kazinczy was the first Hungarian 
engineer who introduced a probabilistic method for structural design in 1942. He used normal 
distribution for the evaluation of the probability of failure and tried to maximize the takings of 
the structure. 
 
Up to date probabilistic methods in structural engineering include several analytical and 
numerical methods as described below. 
 
1.2.2. Analytical methods 
 
 If we consider non-linear response of the structure under static loads, the available analytical 
methods are the following: 
 

- General solution of the response equation 
- Second-moment analysis 
- Stochastic finite element method (SFEM) 
- Simplified use of extremum principles 
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If some or all of the structural parameters (x) are random, the response equation of the structure 
can be written in the following mathematical form [5]: 
 

( ) ( ) W~H~,ux,u
x

=+μ= ll  
 
where l  is a deterministic algebraic operator, u is the vector of displacements (or response), 

x
μ  

is the deterministic vector of the average structural properties, H~  is the vector of random 
imperfections and W~  is the vector of loads. The probability density function is obtained by an m-
fold integration where m is the number of random imperfections: 
 

( ) ( )[ ]∫ ∫
+∞

∞−

+∞

∞−

⋅+μ= JH,H,upup
xH,Wu lK  

 
where J is the absolute value of the Jacobian determinant and pW,H refers to the joint probability 
density function of the loads. It is evident that the computations connected with the above 
procedure become overwhelming if the number of imperfections (m) is larger than a few units. 
 
For non-linear response problems with larger number of imperfections the second-moment 
analysis can be applied. The first and second moments of structural resistance can be obtained by 
sufficient accuracy or confidence by this method. The vector of displacements can be expressed 
by a recursive formula [5]: 
 

( ) ( )[ ]x,uW~K~u~u~ m
m

mmm
l−α+= +

−+
01

11  
 
where mu~  is the displacement vector at the mth step,  the loads are proportional to the factor α 

and 
m

K~ is the tangent stiffness matrix at the same step. The main source of difficulties in this 
method lies in the inversion of the stochastic stiffness matrix. Application of the second moment 
analysis can be found in [1]. 
 
The stochastic finite element method is practically the application of second-moment analysis in 
conjunction with a finite element code. The formulation of the SFEM is a natural extension of the 
basic ideas of the deterministic finite element method to accommodate random functions. A 
major advantage of this method (similarly to the second-moment analysis) is that the multivariate 
distribution function of the structural resistance needs not be known, but only the first two 
moments. It is computationally less expensive than the numerical methods described in Chapter 
1.2.3., but still accurate and efficient enough in structural mechanics. An inherent disadvantage 
of this method is that the uncertainties cannot be too large. Typically, the maximum coefficient of 
variation is around 15%. However, variation of structural geometry and material properties of 
pre-cast concrete members is usually much lower than in case of in-situ concrete structures thus 
the limitation of uncertainties are not exceeded. The SFEM formulation that was used for the 
analysis is described in Chapter 2.5. Formulation and application of the SFEM in case of elastic 
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or plastic materials can be found in [7], [13], [14], [15], [16], [23], [24], [42], [51], [58], [69] and 
[70] while the brittle fracture reliability analysis is explained in [9]. 
 
In the framework of probabilistic structural analysis, extremum principles furnish procedures for 
calculating the probability that the response vector u falls in some special subset of the set of 
possible responses. The lower bound to the probability of successful performance can be 
expressed as [5]: 
 

( ) ( ) jjmm PuobPruobPr ≥Φ∈≥∈ l  
 
where Φj is a possible region for responses and Pj is a given probability for the actual region. The 
method of extremum principles can be used for example to evaluate plastic deformations of 
structures with random yield strength or to obtain the bounds of the collapse load of rigid-plastic 
random strength structures. 
 
1.2.3. Numerical methods 
 
Analytical solution procedures are either unavailable or inefficient for many structural 
engineering problems with random variables or functions (including non-linear problems, 
dynamic analyses and damage accumulation problems). These engineering problems can be 
solved by one of the available numerical methods: 
 

- Monte-Carlo simulation 
- Special Monte-Carlo techniques 

 Stratified sampling 
 Correlated sampling 
 Importance sampling 

- Hybrid simulation procedures 
 
Monte-Carlo simulation is a numerical method for solving mathematical problems by the 
modeling of random quantities [57]. This simulation method essentially assumes that the 
statistics of the input random quantities are known. Each experiment consists of a set of input 
quantities provided by random number generator according to the given statistics. A deterministic 
structural analysis is performed on these quantities to obtain a set of output (response) quantities. 
The experiment is repeated n times and the response statistics are finally calculated from the 
sample of responses. The advantage of this method is that it can be practically applied in case of 
any engineering problem with existing deterministic solution. However, the variance of the 
estimate is in inverse proportion to the number of experiments (n): 
 

( ) ( )
22 1

xgxgm s
n

s =  

 
where ( )xgms 2  is the variance of the estimate and ( )

2
xgs  is the variance of input quantities. It means 

that accurate solution can be achieved by higher number of experiments (n) only. In case of 
complex structures, this can be too time-consuming. The Monte-Carlo simulation is used in 
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Chapter 4.1.2. to evaluate the resistance of a prestressed concrete beam on cross-sectional level. 
Application of the Monte-Carlo simulation for concrete structures can also be found in [2], [9], 
[28], [30], [53]. 
 
As the computational effort is proportional to the numbers of experiments (n), special Monte-
Carlo simulation techniques can be used to reduce the variance of the estimate in case of lower 
values of n [5]. In case of stratified sampling the range of the random variables is divided into 
conveniently chosen class intervals and it is assumed that the probabilities associated with the 
class intervals are known a priori. The sample values are usually stochastically independent in 
case of Monte-Carlo simulation. However, if these values are correlated, the variance of estimate 
can be reduced by using the method of correlated samples. The method of importance sampling 
attempts to estimate the response statistics by the sample average. 
 
Hybrid simulation makes use of simulation techniques only to yield samples of structural 
responses whose size is selected to ensure good accuracy on the estimation of the central values 
of the quantities of interest [5]. In this case, analytical model can be used to translate statistical 
information into probabilistic statements and reliability evaluations. Hybrid simulation can, for 
example, be used for the simulation of damage accumulation under a sequence of independent 
pulses (e.g. traffic loads on a bridge). 
 
1.2.4. Literature of the probabilistic analysis of concrete structures  
 
The probabilistic analysis of structures has an extensive literature, however, many of these 
contributions deal with the mathematical formulation and solution of the problem only. 
Numerical example to the calculation of structures by probabilistic approach can be found much 
less frequently. Some contributions to this topic are listed in Tab. 1. K. Handa and K. Andersson 
analyzed a steel cantilever beam and a wooden roof truss by stochastic finite element method 
(SFEM), considering the variation of applied load, moment of inertia and Young’s modulus [24]. 
J. Almási proposed a probabilistic method for the analysis of reinforced and prestressed concrete 
structures combining finite element method (FEM) with Monte-Carlo simulation (MCS). He 
considered random structural geometry and material properties as well as non-linear behavior of 
materials and steel to concrete interaction [3]. W. K. Liu and T. Belytschko used SFEM for the 
analysis of a cantilever beam subjected to large deflection. They considered Saint Venant-
Kirchoff model for nonlinear elasticity, random load, random Young’s modulus as well as 
random cross-sectional height [42]. G. Dasgupta and S. Yip calculated a cantilever beam by 
SFEM considering randomness of Young’s modulus [14]. G. H. Besterfield, W. K. Liu and M. A. 
Lawrence analyzed brittle fracture reliability of a concrete beam (without reinforcement) by 
SFEM. Young’s modulus, applied load and crack length were considered as random quantities 
[9]. G. Deodatis examined the bounds on response variability in case of a three-bay frame by 
SFEM considering random elastic modulus and structural geometry [15]. J. G. Teigen, D. M. 
Frangopol, S. Sture and C. A. Felippa calculated a simply supported beam by SFEM considering 
random loads and material properties as well as non-linear material characteristics [58]. S. E. 
Ruiz and J. C. Aguilar examined the reliability of short and slender reinforced concrete columns 
by MCS. They applied non-linear material behaviour, random geometry, material properties and 
loads during the analysis [53]. J. Eibl and B. Schmidth-Hurtienne demonstrated the use of SFEM 
on a two-span reinforced concrete beam and on a reinforced column [18]. They considered 



Kálmán KORIS   Durability-design of pre-cast concrete structural members 

- 7 - 

random cross-sectional sizes, material properties and loads during the calculations. Non-linear 
behaviour for the concrete and steel was assumed. K. Bergmeister, D. Novák and R. Pukl 
introduced a software tool (SARA) for reliability assessment of concrete structures [8]. This 
software consist of four major parts including a statistical and reliability package, a nonlinear 
finite element simulation, an integrated database of stochastic parameters for various structural 
and material properties and an interactive graphical user interface. The software is using special 
MCS technique (Latin Hypercube Sampling) to reduce the number of necessary experiments. W. 
B. Krätzig and Y. S. Petryna introduced a method for structural damage and lifetime estimate by 
non-linear finite element simulation [38]. The method is analyzing the dynamic response of 
reinforced concrete structures by the evaluation of the damage process. Elastic-plastic behavior 
of materials was taken into consideration including damage components for the analysis. Random 
quantities for geometrical sizes, material properties and loads were used. Changes of material 
properties were taken into account by different damage states. The use of the method was 
demonstrated on a reinforced concrete frame and a reinforced concrete slab bridge. F. Biondini, 
F. Bontempi, D. M. Frangopol and P. G. Malerba presented the lifetime analysis of a reinforced 
concrete box-girder bridge using MCS [10]. Random material properties and geometrical sizes, 
non-linear material behavior and the deterioration of materials due to the diffusion of an 
aggressive agent were considered during the analysis. The method introduced in this dissertation 
is considering random geometry, material properties and loads, non-linear material behavior for 
concrete and steel. The changes of random parameters and loads in time as well as carbonation 
induced corrosion of steel bars are also considered. 
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methodAuthor
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Tab. 1. Application of the probabilistic analysis for structures in the literature 
(Notations: SFEM – stochastic finite element method, FEM – finite element method, MCS – Monte-Carlo simulation) 
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2. PROBABILISTIC APPROACH FOR THE DURABILITY-DESIGN 
 
The durability of a structural member is satisfactory if the probability of failure does not exceed a 
certain value during the lifetime. Failure of the structure can be defined by different limit states 
such as ultimate or serviceability limit state. The probability of reaching such a limit state is the 
function of different stochastic parameters and the values of these parameters are changing in 
time due to the deterioration of materials. The purpose is to predict the value of process 
parameters in any given point of time and to evaluate the probability of failure using the 
appropriate quantities. The adequacy of the structure can be decided by the comparison of 
calculated and expected probability of failure. A possible way for the determination of expected 
probability of failure is presented in Chapter 2.2.  
 
2.1. Definition of the probability of failure 
 
The ability of a structure to resist the acting loads can be described by a G performance function. 
This function can be usually written as [12]: 
 
G = R - S 
 
where structural resistance (R) and the loads (S) are deterministic functions of certain parameters. 
At a positive value of G the structure is functioning properly, a negative value refers to structural 
failure and in case of G = 0 the structure is in ultimate limit state. Load carrying capacity of a 
structure and the acting loads are probabilistic values, thus the G performance function will be a 
probabilistic value too and it can be described by an FG distribution function. Assuming that the 
parameters of the distribution are known, the probability of failure (pG) can be calculated as [39], 
[49], [52]: 
 

∫
∞−

=
0

dG)G(fpG  

 
where f(G) is the probability density function of G. In case of engineering structures, the system 
is usually too complex thus we are not able to evaluate the probability of failure by one 
performance function. The system must be decomposed to smaller subsystems, the performance 
functions of the subsystems must be calculated separately and the failure of the structure can be 
evaluated by the combination of these separate performance functions. The combination depends 
on the type of the system. We can distinguish serial, parallel and mixed systems. In case of serial 
systems the failure event will be the union of subset failure events while for parallel systems the 
product of the subset failure events must be used. However, in case of buildings and other 
structures, these subsystems are statistically not independent, thus the application of the above 
method could be difficult. A possible solution for such systems is the geometrical approach, 
where we use the geometry of the range of integration [40]. In this case the G performance 
function can be written as linear function of xi normally distributed random variables: 
 

xccxcxcxccG T
nn +=++++= 022110 K  
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It is assumed that Mx and sx are the mean value and standard deviation of the xi variable, ρij is the 
coefficient of correlation between xi and xj as well as MG and sG are the mean value and standard 
deviation of G performance function. Let us standardize the xi random variables so we get:  
 

( )x
T MxTLr −⋅⋅= −1  

 
where L is a diagonal matrix composed from the eigenvalues of the covariance matrix and 
columns of matrix T are the eigenvectors of covariance matrix. Using the standardized variables 
(r), the performance function can be written as: 
 

( )x
T MrLTccG +⋅⋅+= 0  

 
With the use of standardized variables, the G = 0 ultimate limit state defines a hypersurface of n-
1 dimensions in a space of n dimensions. The closest point of this surface to the origin of 
coordinates means the failure of highest probability. The minimum distance between the origin 
and the hypersurface is [40]: 
 

β==
⋅⋅⋅⋅⋅

+

G

G

TT

x
T

s
M

cTLLTc

Mcc0  

 
where β is usually called the safety index. Fig. 2. represents the geometrical explanation of safety 
index where the G performance function is linear function of two standardized random variables 
(r1, r2). 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Geometrical explanation of safety index (β) 
 
The probability of failure of the structure can be finally expressed as [12], [40], [45], [54], [56]: 
 

[ ] ( ) ( )βΦ−=β−Φ=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
Φ=<= 1

0
0

G

G
G s

M
GPp  {1} 

 
Since the failure probability is a direct function of β, the safety index is usually used for the 
judgment of structural safety. 

r2 

β

failure

r1
safe
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The performance function is indeed a non-linear function of the random variables, thus the 
hypersurface is not flat. However, an appropriate solution for the probability of failure can be 
achieved by first order estimation where the hypersurface is linearized [20] in the most probable 
failure point (MPFP). The reliability of the structure can be described as: 
 
 ( )βΦ−≈ 1Gp  
 
In this case the safety index will be the first order estimate of the MG / sG quotient. MG and sG can 
be evaluated by the harmonic expansion of the hypersurface in the MPFP. The advantage of this 
method is that it can be used for performance functions with arbitrary shape. The probability of 
failure can also be evaluated by second order estimation where the hypersurface is approximated 
by hyperparaboloid in the MPFP [40]. In this dissertation the first order estimate of the safety 
index was used. 
 
2.2. Expected probability of failure 
 
The value for expected probability of failure can be determined by the consideration of the (direct 
and indirect) property damage due to the failure of the structure, the property damage due to 
human casualties, the profit lost and the reconstruction expenses [22], [44], [45], [54]. The 
optimal value for failure probability can be related to the minimum of the function describing the 
total costs (see Fig. 3.). The total costs can be expressed as: 
 
C = C0 + C1 + D·pRS 
 
where C0 is the construction cost, C1 is the cost of maintenance and D is the cost of the property 
damage (including human casualties and profit lost) due to the failure with pRS probability.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Interpretation of optimal safety 
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The optimum value of the expected failure probability considering human casualties was first 
defined by Tamás Kármán in 1964 as [22], [55], [56]: 
 

δ⋅
=

b
popt

1  {2} 

 
where δ = D/C0 is the damage ratio and b is the coefficient considering the type of structural 
material, terms of use and the type of analysis method. The values δ = 125 and b = 80 are typical 
for building constructions. Substituting these values into {2} the optimum value of the expected 
failure probability is popt = 10-4. It is worthy of note that Eurocode uses the same value as the 
level for desired risk for structures. 
 
 
2.3. Evaluation of the probability of failure 
 
According to {1} the failure probability can be calculated by means of the first two parameters 
(MG, sG) of the G performance function [39], [45], [56]. These parameters can be calculated from 
the distributions of structural resistance and acting loads. In case of structural resistance, first two 
parameters of the distribution can only be evaluated by the stochastic finite element method and 
therefore skewness is neglected [4]. Mean value of the G performance function can be calculated 
from: 
 
MG(t) = MR(t) – MS(t) 
 
where MR(t) and MS(t) are mean values of structural resistance and acting loads as a function of 
time (t) respectively. Standard deviation of G can be evaluated by the Gaussian law of error 
distribution [49], [52]: 
 

( ) ( ) ( )22 tststs RRG +=  
 
where sR(t) and sS(t) are the standard deviations of structural resistance and acting loads at time 
point t respectively.  
 
Mean value and standard deviation of structural resistance were calculated by SFEM in function 
of time while the distribution of load effect was assumed by [45] (see also Chapter 3.2.5.). 
Change of these distributions in time is presented on Fig. 4. 
 
Normal distribution can be assumed for the resistance of G performance function and thus the 
probability of failure of a given pre-cast structural member can be calculated in a desired point of 
time (t) from [49], [52]: 
 

( )
( )

( )( )
( ) dxe

ts
tp

x
ts
tMx

G
G

G

G

∫
∞−

⋅
−

−

⋅
⋅π

=
2

2

2

2
1  {3} 
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Fig. 4. Change of the distributions of structural resistance and load effect in time 

 
Adequacy of the structure can be decided by the comparison of the probability of failure pG(t) 
and the expected value of failure probability popt. The structural resistance is adequate against the 
acting loads if the following equation is satisfied: 
 
pG (T) ≤  popt 
 
where T is the expected life-span. The calculation method of expected life-span (or optimal life-
span) in case of different structures can be for example found in [48]. can be It is important to 
mention that the value of popt is usually decreasing in time. However the use of a constant popt 
value, that is valid at the end of the life-span, is satisfactory in practical cases.  
 
2.4. Evaluation of the mean value of structural resistance 
 
Mean value of the analyzed prestressed concrete beams were determined by finite element 
method considering non-linear behavior of materials [17], [19]. 
 
2.4.1. Application of finite element method 
 
The finite element method [11] was used to analyze simply supported beam subjected to bending 
and compression. Mean values of input parameters (structural geometry, material properties) 
were used for the analysis.  Deformation of the beam can be calculated from the equation [11]: 
 

quK =  {4} 
 
where K  is the stiffness matrix of the structure, q  is the vector of external loads and u  is the 
vector of unknown nodal displacements. The stiffness matrix of the structure can be compiled 
from the stiffness matrices of individual elements considering the support conditions. The 
stiffness matrix of a single element for beams can be calculated from the following expression: 
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dxBDBK
L

T
e ∫=  

 
where B is the product of the operator matrix (L) and the interpolation matrix (N) while D is the 
matrix describing the connection between internal forces and deformations. Shear deformations 
were neglected in the calculation since they are significantly lower than the flexural deformations 
in case of reinforced concrete. Another reason for neglecting shear deformations was that failure 
of the structure due to shear force was not considered during the analysis. The operator matrix of 
a beam without shear deflections can be written as: 
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The equation describing the potential energy of the structure consists of first order derivatives of 
deformation functions only therefore their approximation by C(0) continuous functions was 
sufficient. Two-point approximation of unknown functions was expressed in global coordinate 
system by Lagrange-polynomials [11]. The applied interpolating functions and they derivatives 
are represented below: 
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The listed interpolating functions are represented in Fig. 5. 
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Fig. 5. The applied interpolating Lagrange-polynomials 
 
Using the Lagrange-polynomials described above, the interpolating matrix can be expressed as: 
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2.4.2. Non-linear behavior of reinforced and prestressed concrete 
 
While no forming of cracks has occurred in the concrete, the material can be considered 
homogenous and isotropic. Due to the low level of stresses, linear stress-strain relationship can 
be used. The stiffness matrix of a finite element holds elastic cross-sectional properties, resulting 
in a linear connection between forces and deformations. In case of beams subjected to bending 
and compression, this connection can be expressed in the following form: 
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where N is the axial force, Mx and My are the bending moments acting in different directions, E·A 
is the axial stiffness, E·Ix and E·Iy are the flexural stiffnesses, ε is the value of compression strain 
and κx and κy are the curvature in vertical and horizontal plains. 
 
After the formation of cracks in concrete, the problem cannot be handled with assumption of 
plane state of stress. Stiffness of the structure significantly decreases, the material properties, 
such as Young modulus, shear modulus, Poisson's ratio, etc. cannot be interpreted. A given kind 
of unit deformation will be affected by all kinds of stresses, thus the stiffness properties will 
depend on the acting forces [17]. It means that the D matrix contains elements also outside its 
principal diagonal. After the formation of cracks, D can be generally written in the following 
way: 
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Stiffness values (Kij) in the D matrix are not constant anymore, they depend on the values of 
internal forces (N, Mx, My) thus D matrix will be a function of the vector of internal forces (σ). In 
case of non-linear material behavior, the stiffness values included in D matrix are usually too 
difficult to be evaluated directly. Under these conditions, deformations can be calculated using 
the method of increments. During the analysis the load was increased in steps and for each load 
increment, the chord of the stiffness matrix (Fig. 6.) was evaluated and used. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6. Interpretation of bending stiffness before and after forming of cracks 
 
The matrix describing the connection between internal forces and deformations for a given load 
level was evaluated using the internal forces (N, Mx, My). These forces were evaluated by 
stiffness values corresponding to the previous load level. The bending moment-curvature 
relationship of the given prestressed concrete cross-section was used to calculate current values 
of deformations (ε, κx, κy). The D matrix was expressed using these deformations: 
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A single-parameter load was applied during the analysis (Fig. 7.) that is the load was expressed 
as product of the load-intensity (F) and a load-distribution vector (Φ). The value of the load-
intensity was increased in steps until structural failure. The chord of the stiffness matrix was 
calculated according to {5} for each load increment. Using mean values of input parameters, the 
highest level of applicable load without structural failure was considered as the mean value of 
structural resistance. Failure of the structure was specified by a Π damage indicator. The value of 
damage indicator can be appropriately defined by the following expression [38]: 
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where λdamaged is the eigenvalue of the stiffness matrix in case of structural damage while 
λundamaged refers to the eigenvalue of current stiffness matrix at a given load level. Failure of the 
structure occurs in case of Π ≤ 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7. Scheme for single-parameter loading of the structure 
 
2.4.3. Evaluation of the bending moment-curvature diagrams 
 
The bending moment-curvature diagram of a given prestressed concrete cross-section was 
evaluated according to the principles in [21], [26], [29], [33], [41] and [56]. Fig. 8. represents the 
stress-strain relations of materials [21] that were used during the calculation.  
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 8. Stress-strain relation for concrete (a), steel bars (b) and prestressing tendons (c) 

 
 
The cross-section of pre-cast, prestressed concrete beams is usually not rectangular but rather “T” 
or “I” shaped for more efficient use of concrete. For this reason, the width of the cross-section 
was defined as a function of the distance (ξ) from the top of the section as b = b(ξ). While no 
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forming of cracks occurred, the bending moment in the cross-section was considered to be 
proportional to the curvature as: 
 
MI(κ) = κ·Ec·Ix + Mp 
 
where Ec is the coefficient of elasticity for concrete, Ix is the inertia of the cross-section and Mp is 
the bending moment due to effective prestressing force. After forming of cracks the internal 
forces acting in the concrete were calculated by numerical integration over the appropriate part of 
the cross-section. The position of neutral axis (x) in case of a given value of curvature (κ) was 
calculated from the equilibrium of external and internal forces: 
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h

c NA,xA,xA,xA,xdb,,x
c

=⋅κσ−⋅κσ−⋅κσ−⋅κσ+ξξ⋅ξκσ∫
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where σc, σs and σp are the stresses in the concrete, steel bars and prestressing tendons according 
to given stress-strain curves, Asc and Ast are the cross-sectional areas of compressed and tensioned 
steel bars, Apc and Apt are the cross-sectional areas of “compressed” and tensioned tendons 
respectively, Npm is the effective prestressing force and hc = x + εct / κ is the height of working 
concrete zone. The bending moment M(κ) with respect to the given κ curvature can be evaluated 
from the equilibrium of external and internal bending moments. 
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where Fsi is the force acting in compressed or tensioned steel bars, Fpi is the force acting in 
“compressed” or tensioned tendons, dsi and dpi are the effective height of cross-section with 
respect to steel bars and tendons. Bending moment-curvature diagrams of different cross-sections 
are presented in Fig. 25., Fig. 44. and Fig. 56.  
 
2.5. Evaluation of scatter of structural resistance by stochastic finite element method 
 
2.5.1. The variational approach 
 
Material properties and geometrical sizes of a pre-cast member are fluctuating around an 
expected value (Mx) due to inhomogeneousity of materials and errors in manufacturing. These 
fluctuations can be described by a continuous random variable. Scatter of these input parameters 
(x) can be described by the continuous random variable α(ζ) as: 
 
x = Mx·[1+α(ζ)] 
 
The continuous α(ζ) function can be discretized along the finite elements by the use of stochastic 
finite element method (see Fig. 9.). The α(ζ) function can be approximated by the interpolation 
functions (Ni) for any given finite element: 
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It is reasonable to assume a constant shape for the approximate α(k) function within separate 
elements (Ni(ξ) = 1) so the probabilistic degree of freedom of the system will be equal to the 
number of finite elements. The random variable for a given element can be written as: 
 
α(k) = ( )k

iα⋅1  = αk 
 
Discretization of a continuous α(ζ) random variable is presented on Fig. 9. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9. Discretization of a continuous α(ζ) random variable 
 
The covariance of the structural resistance can be expressed by the covariance of input 
parameters by using the SFEM. The covariance (Cx) of a given random input parameter (x) can 
be written in the following form [18], [24]: 
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where xs includes the values of standard deviations along the principal diagonal and ρC  is the 

correlation matrix. The correlation between different elements can be described by an 
exponentially decaying function of the distance between two elements and the length of 
correlation. The value of correlation between the elements number i and j can be evaluated from: 
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where Δζi,j is the distance between the centre point of the elements and λ is the length of 
correlation. It was assumed during the analysis that random variables are correlated along the 
span of the beams so the correlation length was equal to the span. 
 
If the vector of external loads ( q ) is a function of an x random parameter with a standard 

deviation of sx, its standard deviation can be approximately expressed by the first term of 
Taylor’s series [18], [23], [34], [35]: 
 

xq s
x

q
s ⋅

∂

∂
=  {7} 

 
Substituting {7} into {6} the covariance of the load vector can be formed [24]: 
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If we evaluate the covariance of the load vector for the highest level of applicable load without 
structural failure, we practically get the covariance matrix of structural resistance itself. Standard 
deviation of the resistance can be obtained as the square root of the diagonal elements of qC . 

 
 
2.5.2. Stochastic finite element formulation 
 
The equation {4} describes the expression for the deterministic finite element system of 
equations in a displacement format. The displacements are influenced by the variation of stiffness 
properties and the scatter of load-intensity and they can be split up into its mean and fluctuating 
components: 
 
( ) ( ) ( )qquuKK δ+=δ+⋅δ+  {9} 
 
From equation {9} we get: 
 

qquKuKuKuK δ+=δ⋅δ+⋅δ+δ⋅+⋅  {10} 
 
The product of uK δ⋅δ  can be neglected from {10}, since its influence on the results is expected 
to be insignificant. Considering {4}, the fluctuating components can be separated into an 
independent system of equations: 
 

uKquK δ⋅−δ=⋅δ  {11} 
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It is assumed that the variation of the displacement (δui) is zero at the node i where the structure 
fails in ultimate limit state, so the expression {11} can be transformed into the following equation 
[18], [24], [27]: 
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In {12} the column number i of the stiffness matrix was replaced by the load-distribution vector 
while the variation of load-intensity was substituted into the vector δu. From reordering {12}, the 
variation of load-intensity (δF) can be evaluated from: 
 

uKK~q~ ⋅δ⋅−=δ
−1

 {13} 
 
In {13} the variation of the load-intensity was expressed, however, the variation of the stiffness 
matrix (δK) is still not known. Assuming that the stiffness matrix K is a function of an α random 
input variable, δK can be approximately expressed by the first term of its Taylor’s series: 
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where δα is the variation of α. It should be noted, that higher order partial derivatives have been 
neglected from {14}. This approximation is reasonable if the variation of the stiffness matrix is 
less than about 15% [24]. As already discussed in Chapter 1.2.2. this limitation does not apply to 
pre-cast concrete members analyzed in this thesis. The first order partial derivative of the 
stiffness matrix was calculated numerically using the following approximation: 
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Substituting {14} into {13} and forming the covariance matrix according to {8} we get [18], 
[27]: 
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where δα includes the standard deviations of random input variables (e.g. structural dimensions 
and material properties). During the analysis the covariance matrix above was evaluated in 
ultimate limit state and the standard deviation of structural resistance was derived as square root 
of the diagonal elements of 

q~
C . It is important to note that the standard deviation of structural 

resistance was evaluated on structural level instead of cross-sectional level. Finally the stochastic 
distribution of structural resistance can be described by {3} using the mean value and standard 
deviation evaluated in Chapter 2.4. and Chapter 2.5. 
 
2.6. Terms of application 
 
Pre-cast, prestressed concrete beams were analyzed using the implemented method therefore 
the effects of axial force and bending moment are considered only. Structures with 
considerable shear force or torsion cannot be analyzed. The structural failure can be caused by 
the crushing of the concrete or by the splitting of steel bars or tendons. It is supposed that the 
amount of shear and additional reinforcement of the beam is adequate to resist the shear forces 
and other local effects since they are not considered during the analysis. It is also assumed that 
lack of stability does not occur due to proper geometry of the structure. Serviceability limit 
states are not examined during the analysis. The applied load can be static, concentrated or 
distributed load.  
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3. DETERMINATION OF PROCESS PARAMETERS 
 
Result of any probabilistic structural analysis can be accurate enough only if the appropriate values 
of input parameters are used [45]. Many efforts have been made on the determination of the process 
parameters (e.g. [3], [47]) before, but the applicability of such results is quite limited. In case of pre-
cast concrete members, the quality of used materials as well as the properties of the final product are 
usually measured and documented. The use of the documents regarding to the quality control can 
assure an appropriate basis for the durability-design of these concrete members by stochastic 
approach. The list of input parameters that can be obtained from these test record sheets (see 
Appendix A1) includes the strength and elastic modulus of applied materials (concrete, steel bars, 
prestressing tendons) as well as the geometry of the final product (length, height, width, concrete 
cover). For the analysis described in Chapter 2., input parameters were obtained from destructive 
material tests and measurements on pre-cast members performed by industrial prefabricating 
companies. Products of 7 different Hungarian companies were considered. Company names are not 
mentioned upon request so they will be just referred as M1, M2, M3, etc. For the appropriate 
durability analysis, changes of the initial input values over a given time period must also be known. 
Consideration of the effect of time on the input parameters is described in Chapter 3.2. 
 
3.1. Initial value of material properties 
 
Concrete strength was obtained from uniaxial compression 
tests carried out on 150×150×150 mm cubes (see Fig. 10.) 
[59], [61] and [63]. 78 specimens of 4 different expected 
concrete classes were tested at the age of 7 days and 732 
specimens of 2 different classes were tested at 28 days in the 
laboratories of 3 different prefabricating companies. Cube 
strength was measured during the test which was transformed 
to cylinder strength for the calculations. Mean value and 
standard deviation of concrete strength was calculated for the 
different expected classes. The strength values at the age of 7 
days were used for the control of prestressed beams after the 
transfer of the prestressing force. Concrete strengths measured 
at the age of 28 days were used as initial values for the 
calculations. Results on the concrete strength at 7 days are 
represented in Fig. 11. and Fig. 12., results at 28 days are 
illustrated in Fig. 13. and Fig. 14. Comparing the results at 7 
and 28 days (Fig. 14.) it can be stated that mean value of 
concrete strength is increasing while its standard deviation is decreasing according to the expected 
strength development of concrete. Mean value and standard deviation of strength was compared in 
case of concrete prepared by different manufacturers. The expected class was C50/60 for both set of 
specimens, however, the difference between the mean values of strength was about 15% and the 
difference between standard deviations was almost 69%. A difference of this scale can result in 
considerable change of the variance of structural resistance (see Chapter 4.1.) and the probability of 
failure. In this manner the use of corresponding input parameters is essential for the accuracy of the 
results. The number of tested concrete specimens in case of different concrete classes and different 
manufacturing companies are listed in Tab. 2. 

Fig. 10. Concrete cube specimen
after compression test 
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Laboratory tensile tests were carried out to determine material properties of reinforcing steel [64], [65] 
and [66]. Steel bars from 3 different manufacturers were analyzed on altogether 291 specimens. The 
numbers of tested steel bar specimens in case of different steel grades and different manufacturing 
companies are listed in Tab. 2. (see also Appendix A1). The modulus of elasticity, strength and the 
ultimate strain of the samples were measured. Mean value and standard deviation of these quantities 
were evaluated. Results on mean values and standard deviations of steel strength are presented 
graphically in case bars with different diameter (Fig. 15., Fig. 16., Fig. 17., Fig. 18., Fig. 19., Fig. 20.). 
In case of Young’s modulus and ultimate strain, only the mean values were used for the calculation. 
 

Manufacturer
Number of 

tested/measured 
specimens

C40/50, 28 days M1 54
C50/60, 28 days M1 42
C30/37, 7 days M2 9
C35/45, 7 days M2 12
C40/50, 7 days M2 54
C60/75, 7 days M2 3
C50/60, 28 days M3 636
BHB55.50, Ø6 M4 3
BHB55.50, Ø8 M4 4
BHB55.50, Ø12 M4 5
BST 500 KR, Ø8 M5 52
BST 500 KR, Ø10 M5 28
BST 500 KR, Ø12 M5 5
B60.50, Ø12 M6 20
B60.50, Ø14 M6 15
B60.50, Ø16 M6 20
B60.50, Ø20 M6 89
B60.50, Ø25 M6 45
B60.50, Ø28 M6 5
Fp 38/1770-R2 M7 3
Fp 100/1770-R2 M7 20
EE-42 M2 7
EE-48 M2 11
EE-54 M2 5
EE-66 M2 4
4000 M1 11
4700 M1 10

Prestressed 
beam

Type of material or beam

Concrete

Steel bar

Prestressing 
tendon

 
 

Tab. 2. List of tested materials and prestressed beams 
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Fig. 11. Mean value of concrete strength at 7 days 
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Fig. 12. Standard deviation of concrete strength at 7 days 
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Fig. 13. Mean value and standard deviation of concrete strength at 28 days 
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Fig. 14. Comparison of mean value and standard deviation of concrete strength at 28 days from 
different manufacturers 
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Fig. 15. Mean value of steel bar strength (type BHB 55.50) 
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Fig. 16. Standard deviation of steel bar strength (type BHB 55.50) 
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Fig. 17. Mean value of steel bar strength (type BST 500 KR) 
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Fig. 18. Standard deviation of steel bar strength (type BST 500 KR) 
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Fig. 19. Mean value of steel bar strength (type B 60.50) 
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Fig. 20. Standard deviation of steel bar strength (type B 60.50) 
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In ultimate limit state the plastic behavior of steel is dominant thus the variation of elastic modulus 
has insignificant effect on the results. The typical damage for the analyzed beams was the crushing 
of the concrete and therefore the variance of ultimate strain could also be neglected. In case of steel 
strength, standard deviation was also considered. 
 
Prestressing strands were also analyzed by laboratory tensile tests [67]. The modulus of elasticity, 
strength and the ultimate strain were measured on 20 specimens. The exact numbers of tested 
prestressing tendon specimens in case of different tendon types are listed in Tab. 2. Mean 
values and standard deviations of these quantities were calculated. Due to the reasons mentioned 
above, only the mean value of Young’s modulus and ultimate strain was considered during the 
analysis. In case of the strength of the strands, standard deviation was also considered. Test results 
on the strength are presented in Fig. 21. 
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Fig. 21. Mean value and standard deviation of prestressing tendon strength 

 
Stochastic distribution of structural concrete and steel strength can be generally described by 
Pearson III. distribution [45]. However, the applied stochastic finite element method can consider 
the first two moments of the distribution only, therefore the distribution of strength of materials 
was approximated by normal distribution. The distribution of concrete strength that was 
measured on class C40/50 samples at 28 days (from manufacturer M1) was compared to fitted 
normal and Pearson III. distributions (Fig. 22.). In case of the presented concrete type (Fig. 22.), 
the normal distribution provides a good approximation to the empirical distribution, since the 
average of the difference between the theoretical and empirical distributions is even smaller than 
in case of Pearson III. distribution. More detailed analysis of distributions on material strength 
can be found for example in [28] and [30]. 
 
 

M7M7 
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Fig. 22. Comparison of the stochastic distributions in case of concrete strength 
 
3.2. Evaluation of process parameters as a function of time 
 
Initial values of input parameters (strength of materials, geometry of the structure) were 
determined from test results. Due to different deterioration processes, the values of these 
parameters are not constant but they are changing in time. Possible deterioration mechanisms of 
reinforced concrete structures are presented on Tab. 3. as recommended by [46]. 
 
 

Type of deterioration Limit states 

Carbonation induced corrosion 
depassivation 
corrosion induced cracking 
corrosion induced spalling 
corrosion induced collapse 

Chloride induced corrosion 
depassivation 
corrosion induced cracking 
corrosion induced spalling 
corrosion induced collapse 

Frost induced internal damage 
local loss of mechanical properties 
cracking 
scaling and loss of cross section 

Frost and salt induced surface scaling surface scaling 
deflection and collapse 

 
Tab. 3. Possible deterioration processes of reinforced concrete structures 

M1 
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In frames of the dissertation, the collapse of the structure due to carbonation induced corrosion 
was analyzed. The process of carbonation is getting slower as the concrete strength is increasing. 
For concrete classes higher than C40/50 (which is common for pre-cast concrete members) the 
carbonation induced corrosion first evolves after 40-50 years only. However pre-cast concrete 
members are also used for structures with a life-span of 50-150 years (e.g. bridges) so it is 
important to consider the effect of carbonation as well. Determination method of time-dependent 
parameters is described below. 
 
3.2.1. Effective prestressing stress 
 
The initial value of prestressing stress (σp0) is usually determined so that plastic deformations of 
prestressing tendons are avoided [29]. The usual value for this stress is about 1200-1300 N/mm2 
depending on the established custom of the manufacturer. During the calculations, the value 
σp0 = 1300 N/mm2 was used. The loss of prestressing stress was determined according to [21] in 
a give point of time (t): 
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where εcs is the shrinkage strain, Δσpr is the value of relaxation loss, ϕ(t) is the creep coefficient, 
Ep is the modulus of elasticity for the prestressing steel, σc,QP is the stress in the concrete adjacent 
to the tendons due to self-weight and initial prestress, zcp is the distance between the centre of 
gravity of the concrete section and the tendons. Using normal or rapid hardening cements, the 
shrinkage strain can be obtained from the following equation [21]: 
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where RH is the ambient relative humidity in [%] and fcm is the mean value of concrete strength. 
The relaxation loss can be calculated from [21]: 
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where the value of A is equal to 5,39 in case of prestressing wires and 0,66 in case of strands, the 
value of B is 6,7 in case of wires and 9,1 in case of strands, tp is the time elapsed since 
prestressing in hours, μ = σp0/fpm and ρ1000 is the relaxation loss after 1000 hours at a temperature 
of 20 ºC, fpm is the mean value of tendon strength, finally ρ1000 = 8% can be considered in case of 
wires and ρ1000 = 2,5% in case of strands. The creep coefficient can be obtained from [21]: 
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where h0 = 2Ac / u is the notional size of the member, u is the perimeter of the member in contact 
with the atmosphere, t0 is the age of concrete at loading in days and βH is the coefficient to 
consider the influence of the concrete strength as formulated below: 
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According to the loss of prestressing stress calculated before, the effective prestressing stress in a 
certain point of time (t) can be finally obtained from: 
 

( ) ( )tt pppm σΔ−σ=σ 0  
 
3.2.2. Geometry of the cross-section 
 
Stochastic parameters of height (h) and width (b) of the cross section as well as the effective 
depth (d) of rebars and prestressing tendons are considered during the analysis. Distribution of 
these parameters can be approximated by normal distribution [45] therefore mean value and 
standard deviation of the parameters were evaluated. Change of the mean values of these 
parameters is usually insignificant in case of concrete structures, thus a constant value was 
assumed during the calculation. Change of the standard deviation of a given geometrical 
parameter (W) in time was considered by the Gauss-process as [45], [49], [52]: 
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where sw,0 is the initial value of standard deviation for the given geometrical parameter, t1 is the 
time needed to reach the maximum level of deterioration. The value of t1 can vary between 50 
and 1000 years depending on the type of material, on the conditions of usage and on the rate of 
maintenance. During the analysis t1 = 1000 years was used [45]. The value of f is equal to 1,2 
under normal circumstances for reinforced concrete [45]. 
 
3.2.3. Strength of materials 
 
The strength of concrete, steel bars and prestressing tendons are the most important material 
properties to affect the structural resistance in ultimate limit state [71]. Mean value of concrete 
strength reaches its maximum in about 2 years after manufacturing because of afterhardening, 
later this value starts to decrease due to fatigue of the material. Same decrease can be observed in 
case of mean values of steel bar and prestressing tendon strengths. This effect can be described 
by the following equation [45]: 
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where f(t) is the mean value of strength at the time t, f0 is the initial mean value of strength and 
β(t) is the function describing the decrease of the strength. Assuming a time period t0 in which 
the strength of the material decreases to zero, β(t) can be expressed by the first few terms of its 
Taylor-series [45]: 
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The value of t0 can usually vary between 50 and 1000 years depending on the type of material, on 
the conditions of usage and on the rate of maintenance. During the analysis, t0 = 500 years was 
assumed. Standard deviation of material strength also changes during time. This effect can be 
again described by the Gauss-process [45]: 
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where sf(t) is the standard deviation of strength at the time t, sf0 is the initial value of standard 
deviation, b and k are constants describing the increase of standard deviation. The exact values of 
constants b and k can be usually determined empirically (see Chapter 4.2.5.). In case of concrete, 
the values b = 1,5 and k = 1 were used, for steel bars and tendons the values b = 1,4 and k = 1,2 
were applied during the analysis based on the recommendations of [45]. 
 
3.2.4. Carbonation induced corrosion of steel bars and tendons 
 
Decrease of steel bar and tendon diameter due to carbonation induced corrosion was also 
considered in the calculation. The carbonation depth at the time t can be expressed from the 
following equation [46]: 
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where ke is the environmental function, kc is the execution transfer parameter, kt = 1,25 is the 
regression parameter, 1

0,
−
ACCR  is the inverse effective carbonation resistance of concrete derived 

from accelerated test (ACC), εt = 315,5 (mm2/years)/(kg/m3) is the error term considering 
inaccuracies which occur conditionally when using ACC test method, Cs is the CO2 concentration 
and W(t) is the weather function that takes the effect of rain events on the concrete carbonation 
into account. The environmental function can be expressed as: 
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where RHreal [%] is the relative humidity of the carbonated layer. The relative humidity of the 
carbonated layer was assumed to be same as the relative ambient humidity (RH). The relative 
ambient humidity is one of the most important factors to influence the process of carbonation and 
its value can be measured or controlled during the service life of the structure, therefore it was 
used as a variable parameter in the further calculations. The execution transfer parameter can be 
calculated from the following expression: 
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where tc is the curing period of concrete in days. The value tc = 7 days was used during the 
analysis. The inverse effective carbonation resistance of concrete can be obtained from the ACC 
test. If no test data is available for the analysis, the values from Tab. 4. can be used. 
 
 

1
0,ACCR −  [10-11 (m2/s)/(kg/m3)] w/c ratio 

Cement type 0,35 0,40 0,45 0,50 0,55 0,60 
CEM I 42.5 R - 3,1 5,2 6,8 9,8 13,4 
CEM I 42.5 R + FA (k=0,5) - 0,3 1,9 2,4 6,5 8,3 
CEM I 42.5 R + SF (k=2,0) 3,5 5,5 - - 16,5 - 
CEM III/B 42.5 - 8,3 16,9 26,6 44,3 80,0 

 
Tab. 4. Effective carbonation resistance of concrete obtained from accelerated test 

(Notations: I – homogeneous cement, III – fly ash cement, R – rapid cement, FA – fly ash, SF – silica fume) 
 
The cement type CEM I 42.5 R and the value w/c = 0,4 were assumed in the calculations. 
 
Cs = Cs,atm + Cs,emi 
 
where Cs,atm is the CO2 concentration of the atmosphere in [kg/m3] and Cs,emi = 0,00082 kg/3 is the 
additional CO2 concentration due to emission sources. The actual CO2 content in the atmosphere 
has been detected to be in a range of 350-380 ppm. This corresponds with a CO2 concentration of 
0,00057 to 0,00062 kg/m3. The increase of CO2 concentration is about 1,5 ppm (1,628·10-6 
kg/m3) per year according to [46]. During the analysis the value of CO2 concentration was 
calculated from the equation below: 
 
Cs(t) = 0,00139 + t·1,628·10-6 [kg/m3] 
 
where t is the elapsed time in years. Assuming interior structural elements (no rain effect), a 
constant weather function W(t) = 1 was used in the analysis. 
 
After the concrete cover (a) is completely carbonated, steel bars and/or tendons begin to corrode. 
Using equation {17}, the time of carbonation (tc) of concrete cover can be calculated from the 
following equation: 
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a = xc(tc) 
 
The process of corrosion is an electrochemical reaction. The relation between the diameter of 
rusted steel bar and corrosion time under normal atmospheric conditions is outlined as [72]: 
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where t is the time of corrosion measured from the time point tc, Ø0 [mm] is the diameter of steel 
bar before corrosion and icorr(t) represents current corrosion density at time t. 
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where w/c is the water/cement ratio of the concrete. The area of steel bars or tendons in a certain 
point of time can be obtained from: 
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where t is the elapsed time since the time point tc as described above. Steel bars are usually closer 
to the surface of the concrete than the prestressing tendons, therefore they start to corrode earlier 
(see Fig. 42. and Fig. 54.). 
 
3.2.5. Load effect 
 
The effect of self-weight and imposed load was considered during the analysis. The mean value 
of self-weight was described as a function of structural geometry and the volume density of 
reinforced concrete: 
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where b(t) and h(t) are the width and height of the cross-section as a function of time, 
ρrc = 25 kN/m3 is the volume density of reinforced concrete. The standard deviation of self-
weight was calculated from the standard deviations of its input parameters [45]: 
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where sb, sh and sρ are the standard deviation of cross-sectional width and height and the volume 
density of concrete respectively. The relative standard deviation of volume density can be 
assumed to 4% in case of concrete. 
 



Kálmán KORIS   Durability-design of pre-cast concrete structural members 

- 36 - 

In case of imposed loads, the distribution is not independent from the length of examination 
period. It means that these loads are stochastic functions of time. The load part equivalent to 10% 
of the time-span probability was supposed to be permanent load [45]. The yearly maximums of 
imposed load were described by type I. extreme value distribution and the change of its mean 
value in time can be written as [45], [49], [52]: 
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where q0 is the initial mean value of imposed load, t is the time in years and λ is the parameter of 
the distribution. In case of the applied imposed load, the λ parameter can be obtained from: 

3579306 ,⋅
π=λ  

 
The standard deviation of the applied imposed load can be calculated as a function of the initial 
value of standard deviation (sq0): 
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The mean value of design load as a function of time was obtained from the sum of the self-weight 
and the imposed load: 
 
pm(t) = gm(t) + qm(t) 
 
The value of standard deviation of the design load was approximately calculated as a function of 
time by the Gaussian law of error distribution: 
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4. APPLICATION OF THE IMPLEMENTED DESIGN METHOD 
 
4.1. Verification of the method by bending tests 

 
4.1.1. Analyzed beams and test results 

 
Bending tests on prestressed concrete beams 
were carried out to determine the ultimate 
load [62]. 4 different kinds of beam type “EE” 
were tested in the laboratory at age of 28 days. 
“EE” beams (see Fig. 23.) are often used for the 
construction of roofs in houses [50]. These types 
of beams are popular due to their relatively light 
weight, easy assemblage and reasonable price. 
The total number of tested beams was 26. The 
test arrangement and the cross-section of the 
beam are presented in Fig. 24. Length of beam, 
height of the cross-section, width of the top and 
bottom flange and the concrete cover of the 
prestressing wires were measured before the 
test. Beams were loaded until failure in steps by 
four forces of equal value. The loading force 

and the corresponding deflection of the midspan were recorded for each load step. The ultimate load 
was also documented for each beam. The mean values of measured geometrical sizes and ultimate 
loads in case of different beams are presented in Tab. 5. Standard deviation of structural geometry 
and ultimate load for different beams are presented in Tab. 6. Parameters concerning geometrical 
sizes were considered during the SFEM analysis. Results on the ultimate load obtained from the 
analysis were compared to test results to verify the implemented method. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 24. Bending test arrangement of beam type EE-42 
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Fig. 23. Beams of type “EE” after manufacture
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Type of beam L
[m]

Number 
of wires

Lbm

[m]
hm

[mm]
bf,m

[mm]
ba,m

[mm]
ap,m

[mm]
dp,m

[mm]
Fu,m

[kN]
EE-42 4,27 1+4 4,40 189,8 80,8 144,1 37,8 168,5 49,28
EE-48 4,87 1+6 5,01 195,2 80,6 145,4 30,8 175,4 53,93
EE-54 5,47 1+6 5,64 196,1 81,7 144,4 39,5 176,5 51,60
EE-66 6,67 1+6 6,85 197,1 79,8 142,3 45,7 175,3 47,50  

 
Tab. 5. Mean values of geometrical sizes and ultimate load (Fu) of different “EE” beams 

 

Type of beam L
[m]

Number 
of wires

νLb

[%]
νh

[%]
νbf

[%]
νba

[%]
νap

[%]
νdp

[%]
νFu

[%]
EE-42 4,27 1+4 0,171 1,60 3,13 1,59 18,21 1,73 6,92
EE-48 4,87 1+6 0,224 1,86 1,30 1,49 19,48 0,86 3,86
EE-54 5,47 1+6 0,119 2,72 1,96 1,98 11,32 2,07 6,32
EE-66 6,67 1+6 0,084 2,27 0,48 0,23 4,42 0,92 6,93  

 
Tab. 6. Standard deviations of geometrical sizes and ultimate load (Fu) of different “EE” beams 

 
4.1.2. Results of SFEM analysis 
 
The mean value and standard deviation of the presented “EE” beams were calculated by the 
method described in Chapter 2. Mean values and standard deviations of structural sizes were 
obtained from the test results (Tab. 5. and Tab. 6.). In case of beam length, the mean value was 
considered only, since its standard deviation was insignificant (~0,1-0,2%). Mean value and 
standard deviation of concrete and prestressing wire strengths were obtained from material test 
results described in Chapter 3.1. The concrete class of the beams was C40/50 thus the values 
fc,m = 52,5 N/mm2 and νfc = 6,4 % were used (see Fig. 13.). In case of wires, the values 
fp,m = 1919,9 N/mm2 and νfp = 0,94 % were applied (see Fig. 21.). 
 
The bending moment-curvature diagrams calculated for different beam types are presented in Fig. 25. 
As it was described in Chapter 2.4.2., the stiffness of the beam depends on the values of internal forces. 
The decrease of bending stiffness (Ec·Ix in case of elastic deformations or Mx/κx in case of plastic 
deformations) during SFEM analysis in case of beam type “EE-42” is presented in Fig. 26. It can be 
stated that plastic behavior of prestressed concrete is dominant along the beam in ultimate limit state. 
According to Chapter 2.4.2. the method of load increments was used during the analyses. For each load 
step the appropriate deflection of the midspan and the variation of load-intensity were calculated. The 
load-deflection curves including the standard deviation of the load-intensity in case of beam types “EE-
42” and “EE-48” are presented in Fig. 27. and Fig. 28. Mean value of structural resistance (Fu,m) 
calculated by SFEM are compared to test results in case of different beams in Fig. 29. It can be stated 
that there is a coherent difference (15-30 %) between the calculated and measured values. This 
difference is caused by the calculation method used to determine the failure of the cross-sections. The 
failure is usually related to the crushing of the concrete when the strain εcu = 3,5 ‰ is reached, or 
splitting of the reinforcement when the ultimate strain (εsu, εpu) is exceeded in the bars. 
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Fig. 25. Bending moment – curvature diagrams of EE type beams 
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Fig. 26. Change of bending stiffness of EE-42 type beam during analysis 
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Load-deflection curve for beam type EE-42
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Fig. 27. Load-deflection diagram of EE-42 type beam calculated by SFEM 
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Fig. 28. Load-deflection diagram of EE-48 type beam calculated by SFEM 
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The accuracy of calculated results could be increased by the use of more sophisticated failure 
evaluation considering subsidence of the stress strain curve of materials. Relative standard 
deviations of structural resistance (νFu) calculated by SFEM are compared to test results in case 
of different beams on Fig. 30. According to the analysis, the calculated standard deviations are in 
good correspondence with the test result, the maximum difference is about 8,8 %. Results on the 
structural resistance of “EE” beams derived by SFEM analyses and laboratory tests are 
summarized in Tab. 7. 

 

Bending 
test result

[kN]

SFEM 
analysis

[kN]

Difference 
between test 

and calculation 
[%]

Bending 
test result

[%]

SFEM 
analysis

[%]

Difference 
between test 

and calculation 
[%]

EE-42 49,28 38,00 -22,89 6,92 6,81 -1,6
EE-48 53,93 45,60 -15,45 3,86 4,20 8,8
EE-54 51,60 41,60 -19,38 6,32 6,08 -3,8
EE-66 47,50 33,20 -30,11 6,93 7,25 4,6

Fu,m νFu

Type of beam

 
 

Tab. 7. Results of SFEM analysis 
 

The characteristics of resistance presented above are evaluated by SFEM on structural level. 
To demonstrate the importance of analysis at structural level, mean value and standard 
deviation of the resistance were also calculated at cross-sectional level by second moment 
analysis and by Monte-Carlo simulation. In case of second moment analysis, the mean value 
of resistance was calculated by the method that was described in Chapter 2.4.3. using mean 
values of input parameters. Standard deviation of resistance (sFu) was calculated using the 
first term of its Taylor’s series with respect to random input variables and the Gaussian law of 
error distribution: 
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where Fu is the resistance as a function of input parameters, αi is a random input parameter 
with standard deviation sα,i and n is the number of random input parameters. In case of 
Monte-Carlo simulation, normally distributed input parameters were evaluated by random 
number generator according to the appropriate mean values and standard deviations of 
individual parameters [28], [30]. For each set of parameters, the structural resistance was 
evaluated in deterministic way as described in Chapter 2.4.3. Mean value and standard 
deviation of resistance was calculated from the set of deterministic results. The number of 
performed experiments was 10.000 in case of the MCS. Results derived by different methods 
in case of “EE-42” beam are presented in Tab. 8. Mean values of the resistance calculated by 
different methods are in a good correspondence; however, standard deviations evaluated on 
cross-sectional level are rather inaccurate. The difference between test results and calculation 
on a cross-sectional level are about 60-66 %. It is important to note that MCS was the most 
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time consuming method even in case of analysis on cross-sectional level. It would be possible 
to use this method on structural level by application of finite element method for each 
generated set of input parameters, however, this process would be too time consuming in case 
of appropriate number of experiments. 
 
 

Fu,m

[kN]
νFu

[%]
CPU time 
[min:sec]

Bending test 49,28 6,92 -
Second moment analysis 35,48 2,39 0:01
Monte-Carlo simulation (10000 runs) 35,28 2,81 3:27
Stochastic Finite Element method 38,00 6,81 0:25

Method
Beam type EE-42

 
 

Tab. 8. Comparison of the results of different methods 
 
The effect of the standard deviation of different input parameters on the standard deviation of 
structural resistance was also analyzed for each type of “EE” beam. The calculation was 
carried out by changing the standard deviation of a single input parameter (si) between 0,25·si 
and 3·si  while values of other parameters remain constant. The effect of the width and height 
of the cross-section, the effective height and the strength of concrete and prestressing wires 
were examined. Results of these examinations for different beams are presented on Fig. 31., 
Fig. 32., Fig. 33. and Fig. 34. These diagrams deliver important information about the 
influence of the deviation of input parameters on the deviation of structural resistance. In case 
of the shortest beam (EE-42), the influence of the effective height (sdp) and the width of the 
cross-section (sb) are the most significant. The importance of effective height (sdp) and the 
height of the cross-section (sh) is the highest in case of the “EE-48” and “EE-54” beams. 
Finally the influence of the concrete strength (sfc) and the effective height (sdp) are the most 
relevant in case of the longest beam (EE-66). On the other hand, change of the standard 
deviation of tendon strength has the least influence on the standard deviation of structural 
resistance for all beam types. This information can be useful if we want to increase the 
durability of the structure. In case of  beams “EE-42”, “EE-48” and “EE-54” the formwork of 
the beams must be prepared more precisely and the wires must be adjusted more accurately in 
order to reduce the standard deviation of the appropriate parameters. This is the most efficient 
way to reduce the standard deviation of resistance and thus the probability of failure of the 
beams during manufacturing. The same effect can be achieved in case of “EE-66” beams by 
using concrete with lower standard deviation and by adjusting the wires more precisely. 
Generally, such experiences on the study of the effect of different parameters can help the 
manufacturers to improve the durability of the prefabricated concrete members by the 
utilization of proper materials and manufacturing process. 
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Fig. 29. Measured and calculated mean values of ultimate load 
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Fig. 30. Measured and calculated standard deviations of ultimate load 
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Fig. 31. Effect of the standard deviation of different input parameters to the standard deviation of 
ultimate load in case of beam type EE-42 
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Fig. 32. Effect of the standard deviation of different input parameters to the standard deviation of 
ultimate load in case of beam type EE-48 
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Beam type EE-54
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Fig. 33. Effect of the standard deviation of different input parameters to the standard deviation of 
ultimate load in case of beam type EE-54 
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Fig. 34. Effect of the standard deviation of different input parameters to the standard deviation of 
ultimate load in case of beam type EE-66 
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4.2. Durability-design of prestressed concrete beams 
 
4.2.1. Analyzed beam types and the calculation algorithm 
 
The durability of two pre-cast members was 
analyzed by the implemented method. The 
beam type “4000” is a 28,782 m long and 
1,45 m high prestressed main girder that is 
used for the construction of industrial 
buildings and halls. The end-faces of the 
girder are inclined to ensure proper connection 
between connecting beams (see Fig. 38.). Its 
reinforcement consists of Ø20 longitudinal 
steel bars and Fp 100/1770-R2 type 
prestressing strands as well as shear and 
complementary reinforcement perpendicular 
to the beam axis. Cross-section of the beam is 
presented in Fig. 36. Height and width of the 
cross-section as well as the length was 
measured on 11 beams after manufacture. 
Mean value and standard deviation of 
structural geometry were calculated from these 
data. Results of durability analysis of beam 
type “4000” are presented in Chapter 4.2.2. 
 
The beam type “4700” is a 6,06 m long and 
0,749 m high prestressed concrete girder that 
is used for supporting the main girders in 
industrial buildings and halls. Cross-section of 
this beam is presented in Fig. 36. The reinforcement of this girder consist of Ø16 longitudinal 
steel bars and Fp 100/1770-R2 type prestressing strands as well as shear and complementary 
reinforcement perpendicular to the beam axis. The upper flange of the beam is inclined so the 
cross-section is not symmetrical; however, the beam can be loaded in special joints only to assure 
vertical load transfer. Height and width of the cross-section as well as the length were measured 
on 10 beams after manufacture. Mean value and standard deviation of structural geometry were 
calculated from these data. Results of durability analysis of beam type “4700” are presented in 
Chapter 4.2.3. 
 
During the analysis of the above girders, width and height of the cross section, concrete cover on 
steel bars and prestressing strands and strength of concrete, steel bars and strands were 
considered as random quantities. Standard deviation of the beam length was neglected in both 
cases since it was insignificant (Tab. 9., Tab. 11.). Parameters concerning cross-sectional sizes 
were derived from measurements as mentioned above [60]. Material properties were derived 
from the test results introduced in Chapter 3.1. according to the class of utilized materials 
(concrete: C40/50, steel bars: B 60.50). The initial value of prestressing stress was 
σp0 = 1300 N/mm2. 

Fig. 35. Armature of the beam type “4000” 
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Fig. 36. Cross-sections of beams “4000” and “4700”  
 
Failure probability was calculated for both girders in different points of time. Selected times for 
the analysis were t = 10, 25, 50, 75 and 100 years. In each point of time 3 different values of the 
ambient relative humidity were considered. The examined cases were: RH = 50%, 65% and 80%. 
The initial value of imposed load (q0) was also changed during the analysis. For each beam, 
5 different values were considered. Values q0 = 16, 18, 20, 22 and 24 kN/m were used for beam 
“4000” and q0 = 115, 120, 125, 130 and 135 kN/m were applied for beam “4700”. Current values 
of input parameters and the load effect were calculated as a function of time, relative humidity 
and initial imposed load by the method described in Chapter 3.2. Changes of geometrical sizes 
and material strengths with regard to the mean value and standard deviation are presented in Fig. 
39., Fig. 40. and Fig. 41. in case of beam “4000”. Same diagrams for the beam “4700” are 
presented in Fig. 51., Fig. 52. and Fig. 53. The mean value of structural resistance was calculated 
by finite element method while its standard deviation was evaluated by stochastic finite element 
method using current values of input parameters. The implemented calculation method is 
described in Chapter 2.4. and 2.5. To perform the calculations, the computer software PFEM2008 
(see Appendix A2) was developed using the Matlab® software package. The flowchart of the 
calculation process that was used by the PFEM2008 software is presented in Fig. 37. Using the 
mean value and standard deviation of structural resistance and current load effect, the probability 
of failure was calculated. Considering 5 different times, 3 humidity levels and 5 different values 
for initial imposed load, the number of runs was 5×3×5 = 75 for each beam. Charts for the 
durability-design were created using the evaluated failure probabilities. These charts and example 
for their use are presented in Chapters 4.2.2. and 4.2.3. 
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Fig. 37. Flowchart of the calculation process 
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4.2.2. Analysis of beam type “4000” 
 
Geometry of beam “4000” was evaluated by measurements on 11 fabricated samples. The result 
of measurements is presented in Tab. 9. Geometrical sizes without measuring result were taken 
from the plan of formwork. Standard deviation of effective height was calculated from the 
standard deviation of concrete cover which was about 10%. 
 

Number of 
strands L hm bf,m

Mean value[mm] 27691 1442 604

Standard deviation [%] 0,028 0,533 1,177
2+16

 
 

Tab. 9. Mean values and standard deviations of measured geometrical sizes for beam “4000” 
 
Material properties were derived from the test results introduced in Chapter 3.1. According to the 
class of utilized materials, the following strength values were used for the calculation: 
fc,m = 52,5 N/mm2, νfc = 6,4 %, fs,m = 647,5 N/mm2, νfs = 2,6 %, fp,m = 1930 N/mm2 and 
νfp = 1,4 %. The side view and the considered cross section of beam “4000” are presented in 
Fig. 38. An evenly distributed load (p = self weight + imposed load) was applied to the beam 
during the analysis. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 38. Side view and simplified cross section of beam type “4000” 
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Changes of the mean values of concrete, steel bar and prestressing tendon strength as a function 
of time at a relative humidity level of RH = 65% are presented in Fig. 39. After 100 years, the 
decrease of strength is about 1,6% for all materials according to {15}. Change of the standard 
deviation of material strength in time at RH = 65% are demonstrated in Fig. 40. The increase of 
standard deviation after 100 years compared to the initial values is about 12,5% in case of 
concrete and about 9,7% in case of steel bars and tendons. Increase of the standard deviation of 
structural geometry at a humidity level of RH = 65% is presented in Fig. 41. The amount of 
increase compared to the initial values is about 4,9% after 100 years. 
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Fig. 39. Change of the mean value of strength in case of different materials in time at RH=65% 
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Fig. 40. Change of the standard deviation of strength in case of different materials in time at 
RH=65% 
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Fig. 41. Change of the standard deviation of structural geometry in time at RH=65% 
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Fig. 42. Change of cross-sectional area of steel bars and prestressing tendons in time at 
RH=65% 
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Fig. 43. Change of cross-sectional area of steel bars in time at different relative humidity levels 
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The decrease of cross-sectional areas of steel bars and prestressing tendons due to carbonation 
induced corrosion at a relative humidity level of RH = 65% is presented in Fig. 42. Corrosion of 
steel bars starts after 42 years while tendons in the lowest position start to corrode after 71 years 
only due to the larger concrete cover on them. The amount of area loss is about 10,5% in case of 
steel bars and 1,2% in case of tendons after 100 years. The effect of the ambient relative humidity 
on the process of carbonation and corrosion is demonstrated in Fig. 43. In case of lower humidity 
levels, the process of carbonation is faster so the corrosion of steel bars starts earlier. Higher 
levels of humidity result in slower carbonation thus corrosion starts later. However, higher level 
of humidity also means higher rate of corrosion after the depassivation. 
 
Changes of process parameters described above were considered during the analysis of the beam 
“4000”. The effect of elapsed time and humidity level on the behavior of the cross-section is 
demonstrated by the corresponding bending moment-curvature (M-κ) diagrams (Fig. 44.). It can 
be stated that the mean value of load carrying capacity decreases with the decrease of humidity 
level and progress of time. Mean value (pu,m) and standard deviation (νpu) of structural resistance 
at different times and relative humidity levels were calculated by SFEM as described in Chapter 
4.2.1. Results concerning mean value of the resistance are presented in Fig. 45. Standard 
deviation of resistance under different conditions is presented in Fig. 46. 
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Fig. 44. Bending moment – curvature diagrams for beam type “4000” at different ages and 
humidity levels 



Kálmán KORIS   Durability-design of pre-cast concrete structural members 

- 54 - 

51,5

52,0

52,5

53,0

53,5

54,0

54,5

55,0

10 20 30 40 50 60 70 80 90 100

Time [years]

p u
,m

 [k
N

]

RH=50%
RH=65%
RH=80%

 
 

Fig. 45. Change of mean value of structural resistance in time at different RH levels 
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Fig. 46. Change of standard deviation of structural resistance in time at different RH levels 
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According to Fig. 45. the mean value of resistance decreases in time. The rate of decrease is 
higher in case of lower levels of relative humidity. Standard deviation of structural resistance 
increases in time but the effect of humidity is opposite than in case of mean values. The value of 
standard deviation is increasing with the growth of humidity level. 
 
The changes of mean value and standard deviation of load effect over a period of 100 years are 
presented in Fig. 47. The increase of the mean value of design load (pm) is about 13,4% after 100 
years. The standard deviation of load effect is increasing due to the increasing variation of 
geometrical sizes; however, relative standard deviation (νp) is decreasing in time because the growth 
rate of mean value is higher. The probability of failure as a function of time, relative humidity and 
initial imposed load is presented in Fig. 48. Different diagrams refer to different levels of humidity. 
The horizontal axis refers to the time elapsed since the manufacture of the beam, while the 
probability of failure is displayed on the vertical axis. Different curves within one diagram refer to 
different initial imposed load values. We can state that the probability of failure is 
 

- increasing as time is passing by, 
- increasing as the level of relative humidity is increasing, 
- increasing as the initial value of imposed load is increasing. 

 
These trends were of course theoretically expected but the results of analysis could verify the 
expectations. The effect of relative humidity as environmental condition on the probability of 
failure in case of initial imposed load q0 = 20 kN/m  is demonstrated in Fig. 49. Detailed results of 
this comparison are presented in Tab. 10. including mean values and standard deviations of 
structural resistance (pu), load (p) and the summated distribution (pu – p), the safety index (β) and 
the probability of failure. Use of the presented diagrams (Fig. 48.) for the purposes of durability-
design is demonstrated by numerical example in case of beam “4000” in Chapter 4.2.4. 
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Fig. 47. Change of the mean value and standard deviation of loads in time 
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Fig. 48. Change of the probability of failure of beam type “4000” in case of different 

initial imposed loads (q0) and relative humidity levels 

RH=50% 

RH=65% 

RH=80% 
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Mean 
value 
[kN]

Standard 
deviation

[%]

Standard 
deviation

[kN]

Mean 
value 
[kN]

Standard 
deviation

[%]

Standard 
deviation

[kN]

Mean 
value 
[kN]

Standard 
deviation

[kN]

10 54,7 5,13 2,81 32,98 5,31 1,75 21,72 3,31 6,57 5,18E-11
25 54,7 5,52 3,02 34,82 5,03 1,75 19,88 3,49 5,70 1,03E-08
50 54,2 6,09 3,30 36,13 4,84 1,75 18,07 3,73 4,84 8,79E-07
75 53,3 6,23 3,32 36,88 4,74 1,75 16,42 3,75 4,37 7,42E-06

100 52,1 6,51 3,39 37,4 4,68 1,75 14,70 3,82 3,85 6,23E-05

10 54,7 5,64 3,09 32,98 5,31 1,75 21,72 3,55 6,12 8,26E-10
25 54,7 6,46 3,53 34,82 5,03 1,75 19,88 3,94 5,04 3,06E-07
50 54,3 7,19 3,90 36,13 4,84 1,75 18,17 4,28 4,25 1,13E-05
75 53,4 7,36 3,93 36,88 4,74 1,75 16,52 4,30 3,84 5,82E-05

100 52,3 7,39 3,87 37,4 4,68 1,75 14,90 4,24 3,51 1,98E-04

10 54,7 7,01 3,83 32,98 5,31 1,75 21,72 4,21 5,15 1,62E-07
25 54,7 7,84 4,29 34,82 5,03 1,75 19,88 4,63 4,29 8,60E-06
50 54,5 8,89 4,85 36,13 4,84 1,75 18,37 5,15 3,57 1,34E-04
75 53,8 9,05 4,87 36,88 4,74 1,75 16,92 5,17 3,27 3,67E-04

100 53,0 9,16 4,85 37,4 4,68 1,75 15,60 5,16 3,02 8,00E-04

Safety 
index

(β)

Probability
of

failure

pu - pLoad effect (p)

80

Structural resistance (pu)

Time 
[years]

Relative 
humidity

[%]

50

65

 
 

Tab. 10. Results of analysis in case of q0 = 20 kN/m 
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Fig. 49. Change of the probability of failure in time at different relative humidity levels in case of 
q0 = 20 kN/m 

q0 = 20 kN/m 
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Results on the beam “4000” were also compared to the Eurocode 2 (EC2) standard [21]. The 
concrete cover on the longitudinal steel bars is a = 40 mm. A cyclic wet and dry environment 
with relative humidity level RH = 80% was assumed for the analysis. These conditions refer to 
exposure class XC4 according to [21]. Considering exposure class XC4 and the concrete cover 
a = 40 mm, the structure belongs to the structural class S6 with a service life of 100 years [21]. 
The bending moment resistance calculated according to the principles of EC2 and using the 
above conditions is MRd = 3611,3 kNm. The maximum design value of imposed load can be 
calculated from the bending moment resistance: 
 

m/kN,,
,

,g
L
M

q d
Rd

EC.d 57261311
6827

3361188
22 =−⋅=−

⋅
=  

 
The characteristic value of imposed load considering the safety factor γq = 1,5: 
 
qk.EC = qd.EC / 1,5 = 17,72 kN/m 
 
Using EC2, the mean value of imposed load assuming normal distribution and a relative standard 
deviation νq = 5% can be expressed in the following form [56]: 
 

qm.EC = 
q

EC.k

,
q

ν⋅+ 64511
= 16,37 kN/m 

 
Let us now evaluate the maximum applicable imposed load according to the introduced method. 
It is supposed that the probability of failure is 10-4 according to the regulations of EC2. Using the 
third chart in Fig. 48. (considering RH = 80% and t = 100 years) the initial mean value of 
imposed load can be: 
 
qm = 18,13 kN/m 
 
This value is about 10% higher than the value obtained from calculation according to EC2. 
Comparing the design values, we get the same result. Design value of imposed load in case of the 
implemented method is: 
 
qd = 1,5·qm·(1+1,645·νq) = 29,4 kN/m 
 
The difference between the design values is: 
 

=−⋅ 100100
EC.d

d

q
q 10,7% 

 
Considering the result above, it can be stated that more economical design can be achieved by the 
use of the implemented durability-design method compared to EC2. 
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4.2.3. Analysis of beam type “4700” 
 
Geometry of beam “4700” was evaluated by measurements on 10 fabricated samples. The result 
of measurements is presented in Tab. 11. Geometrical sizes without measuring result were taken 
from the plan of formwork. Standard deviation of effective height was calculated from the 
standard deviation of concrete cover which was about 5%. Standard deviation of the span was 
insignificant thus it was neglected during the analysis. 

 
Number of 

strands L hm bm

Mean value[mm] 6060 752 351

Standard deviation [%] 0,070 0,435 0,451
2+12

 
 

Tab. 11. Mean values and standard deviations of measured geometrical sizes for beam “4700” 
 
Material properties were derived from the test results introduced in Chapter 3.1. According to the 
class of utilized materials, the following strength values were used for the calculation: 
fc,m = 52,5 N/mm2, νfc = 6,4 %, fs,m = 653,4 N/mm2, νfs = 2,19 %, fp,m = 1930 N/mm2 and 
νfp = 1,4 %. The side view and the cross section of beam “4700” are presented in Fig. 50. An 
evenly distributed load (p = self weight + imposed load) was applied to the beam during the 
analysis. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 50. Side view and cross section of beam type “4700” 
 

Changes of the mean values of concrete, steel bar and prestressing tendon strength as a function 
of time at a relative humidity level of RH = 65% are presented in Fig. 51. After 100 years, the 
decrease of strength is about 1,7% for all materials according to {15}. Change of the standard 
deviation of material strength in time at RH = 65% are demonstrated in Fig. 52. The increase of 

Cross-section 

b 

h f
 

h 

L 
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standard deviation after 100 years compared to the initial values is about 12,4% in case of 
concrete and about 9,8% in case of steel bars and tendons. Increase of the standard deviation of 
structural geometry at a humidity level of RH = 65% is presented in Fig. 53. The amount of 
increase compared to the initial values is about 5% after 100 years. 
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Fig. 51. Change of the mean value of strength in case of different materials in time at RH=65% 
 
The decrease of cross-sectional areas of steel bars and prestressing tendons due to carbonation 
induced corrosion at a relative humidity level of RH = 65% is presented in Fig. 54. 
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Fig. 52. Change of the standard deviation of strength in case of different materials in time at 
RH=65% 
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Fig. 53. Change of the standard deviation of structural geometry in time at RH=65% 
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Fig. 54. Change of cross-sectional area of steel bars and prestressing tendons in time at 
RH=65% 
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Fig. 55. Change of cross-sectional area of steel bars in time at different relative humidity levels 
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Corrosion of steel bars starts after 44,5 years while tendons in the lowest position start to corrode 
after 80 years only due to the larger concrete cover on them. The amount of area loss is about 
13,8% in case of steel bars and 1,2% in case of tendons after 100 years. The effect of the ambient 
relative humidity on the process of carbonation and corrosion is demonstrated in Fig. 55. In case 
of lower humidity levels, the process of carbonation is faster so the corrosion of steel bars starts 
earlier. Higher levels of humidity result in slower carbonation thus corrosion starts later. 
However higher level of humidity also means higher rate of corrosion after the depassivation in 
case of this beam, too. 
 
Changes of process parameters described above were considered during the analysis of the beam 
“4700”. The effect of elapsed time and humidity level on the behavior of the cross-section is 
demonstrated by the corresponding bending moment-curvature (M-κ) diagrams (Fig. 56.). It can 
be again stated that the mean value of load carrying capacity decreases with the decrease of 
humidity level and progress of time. Mean value (pu,m) and standard deviation (νpu) of structural 
resistance at different times and relative humidity levels were calculated by SFEM as described 
in Chapter 4.2.1. Results concerning mean value of the resistance are presented in Fig. 57. 
Standard deviation of resistance under different conditions is presented in Fig. 58. 
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Fig. 56. Bending moment – curvature diagrams for beam type “4700” at different ages and 
humidity levels 
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Fig. 57. Change of the mean value of structural resistance in time at different relative humidity levels 
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Fig. 58. Change of the standard deviation of structural resistance in time at different relative 
humidity levels 
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According to Fig. 57. the mean value of resistance decreases in time. The rate of decrease is 
higher in case of lower levels of relative humidity. Standard deviation of structural resistance 
increases in time but the effect of humidity is opposite than in case of mean values. The value of 
standard deviation is increasing with the growth of humidity level. 
 
Changes of mean value and standard deviation of load effect over a period of 100 years are presented 
in Fig. 59. The increase of the mean value of design load (pm) is about 15,9% after 100 years. The 
standard deviation of load effect is increasing due to the increasing variation of geometrical sizes; 
however, relative standard deviation (νp) is decreasing in time because the growth rate of mean value 
is higher. The probability of failure as a function of time, relative humidity and initial imposed load 
is presented in Fig. 60. Different diagrams refer to different levels of humidity. The horizontal axis 
refers to the time elapsed since manufacture of the beam while the probability of failure is displayed 
on the vertical axis. Different curves within one diagram refer to different initial imposed load 
values. We can state again that the probability of failure is 
 

- increasing as time is passing by, 
- increasing as the level of relative humidity is increasing, 
- increasing as the initial value of imposed load is increasing. 

 
These results are in accordance with previous results calculated on beam “4000” and with theoretical 
expectations. The effect of relative humidity on the probability of failure in case of initial imposed 
load q0 = 125 kN/m is demonstrated in Fig. 61. Detailed results of this comparison are presented in 
Tab. 12. including mean values and standard deviations of structural resistance (pu), load (p) and the 
summated distribution (pu – p), the safety index (β) and the probability of failure. The failure 
probabilities at different humidity levels are much closer to each other than in case of beam “4000” 
due to significantly shorter span and smaller standard deviation of structural geometry. 
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Fig. 59. Change of the mean value and standard deviation of loads in time 
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Fig. 60. Change of the probability of failure of beam type “4700” in case of different 

initial imposed loads (q0) and relative humidity levels 

RH=50% 

RH=65% 

RH=80% 
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Mean 
value 
[kN]

Standard 
deviation

[%]

Standard 
deviation

[kN]

Mean 
value 
[kN]

Standard 
deviation

[%]

Standard 
deviation

[kN]

Mean 
value 
[kN]

Standard 
deviation

[kN]

10 248,7 1,70 4,23 174,1 6,168 10,738 74,60 11,54 6,46 2,92E-11
25 248,6 1,76 4,37 185,7 5,785 10,743 62,90 11,60 5,42 1,41E-08
50 245,5 1,85 4,54 193,9 5,540 10,742 51,60 11,66 4,42 1,92E-06
75 240,4 2,62 6,29 198,5 5,410 10,739 41,90 12,45 3,37 1,11E-04

100 234,3 3,22 7,54 201,8 5,323 10,742 32,50 13,12 2,48 1,42E-03

10 248,6 1,73 4,30 174,1 6,168 10,738 74,50 11,57 6,44 3,37E-11
25 248,5 1,83 4,55 185,7 5,785 10,743 62,80 11,67 5,38 1,74E-08
50 246,3 2,12 5,23 193,9 5,540 10,742 52,40 11,95 4,39 2,22E-06
75 241,5 3,03 7,32 198,5 5,410 10,739 43,00 12,99 3,31 1,29E-04

100 235,2 4,36 10,25 201,8 5,323 10,742 33,40 14,85 2,25 2,14E-03

10 248,5 1,75 4,35 174,1 6,168 10,738 74,40 11,59 6,42 3,84E-11
25 248,4 1,98 4,93 185,7 5,785 10,743 62,70 11,82 5,31 2,61E-08
50 247,7 2,50 6,19 193,9 5,540 10,742 53,80 12,40 4,34 2,61E-06
75 243,9 4,03 9,82 198,5 5,410 10,739 45,40 14,55 3,12 2,11E-04

100 238,9 6,08 14,53 201,8 5,323 10,742 37,10 18,07 2,05 2,68E-03

80

Structural resistance (pu)

Time 
[years]

Relative 
humidity

[%]

50

65

Safety 
index

(β)

Probability
of

failure

pu - pLoad effect (p)

 
 

Tab. 12. Results of analysis in case of q0 = 125 kN/m 
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Fig. 61. Change of the probability of failure in time at different relative humidity levels in case of 
q0 = 125 kN/m 
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4.2.4. Numerical example for the durability-design of beam “4000” 
 
The assignment is to apply the beam type “4000” for an industrial building where a constant relative 
humidity RH = 70% is expected and life-span must be 80 years. The probability of failure must not 
exceed the value 10-4 as defined by the Eurocode standard. 
 
Diagrams presented in Fig. 48. will be used. According to the diagram for RH = 65% (Fig. 62.), the 
maximum initial imposed load that can be applied to the structure (in case of 80 years and expected 
failure probability level 10-4) is q0,max,1 = 20,3 kN/m. 
 
Using the diagram for RH = 80% (Fig. 63.) and considering 80 years and expected failure probability 
level 10-4 we get q0,max,2 = 18,7 kN/m. Using linear interpolation between humidity values 65% and 
80% we get the following value in case of RH = 70%: 
 

( ) =−
−
−

+= %%
%%

qq
qq max,,max,,

max,,max, 6570
6580

1020
100 19,8 kN/m 

 
It means that the maximum initial mean value of imposed load (q0) can be 19,8 kN/m in order to 
fulfill the requirements. If the applied load is higher than this value, we might have two 
possibilities. On the one hand the quality of materials or structural geometry should be enhanced; 
on the other hand, the required life-span could be reduced. E.g. having a mean value q0 = 22 
kN/m for the imposed load, the life-span of beam type “4000” in case of RH = 70% and expected 
failure probability 10-4 will be only about 37,3 years according to the diagrams below. 
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Fig. 62. Probability of failure of beam “4000” in case of humidity level RH = 65% 
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Fig. 63. Probability of failure of beam “4000” in case of humidity level RH = 80% 
 
 

4.2.5. Durability analysis of existing structural members 
 
Besides the durability-design of new structural members, the presented method (see Chapters 2. 
and 3.) is also suitable for the analysis of existing structural elements. The expectable service life 
or the necessary strengthening of old or damaged structural members can be designed by 
measuring the current values of structural geometry and strength of materials (preferably by non-
destructive methods) and by applying the described design method. This kind of analysis is 
demonstrated by the following numerical example. 
 
Let us suppose that we have to analyze a set of beams type “4000” (see Chapter 4.2.1.) that are 
already 50 years old. The relative ambient humidity level is RH=65%, the initial value of 
imposed load was q0 = 20 kN/m and the service life (considering popt=10-4) of the beams is 87 
years according to the original calculations. Put the case that we measure the concrete strength of 
beams by Schmidt-hammer and we get a mean value fc,m = 52,45 N/mm2 and a standard deviation 
sfc = 3,4 N/mm2. These values slightly differ from the values that were predicted by the method 
described in Chapter 3.2.3. (see also Fig. 39. and Fig. 40.). Using the results of non-destructive 
concrete strength test, values of some process parameters in equations {15} and {16} can be 
refined to get more exact numerical results: 
 

− The time period t0 in which the strength of the material decreases to zero can be modified 
from 500 years to 814 years, 

− the value of constant b can be modified from 1,5 to 1,0 and 
− the value of constant k can be modified from 1,0 to 1,35. 

 
Using these modified parameters, the numerical analysis will deliver the same mean value and 
standard deviation of concrete strength as we derived from non-destructive test at the age of 50 
years. The effect of the modified process parameters on the failure probability of beam “4000” is 

RH=80% 

q0,max,2 = 18,7 kN/m
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demonstrated in Fig. 64. The predicted service life was originally 87 years, but the concrete 
strength decreased slower than calculated (according to non-destructive concrete test at the age of 
50 years) so failure probabilities in the future will be smaller and hereby the service life increases 
to 93 years (considering popt=10-4). 
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Fig. 64. Probability of failure of beam “4000” modified by the results of non-destructive 
concrete strength test performed at age of 50 years (RH=65%, q0=20 kN/m) 
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5. NEW RESULTS OF THE PHD THESIS 
 
 
New result #1.  
 
I developed a method based on probabilistic approach for the durability-design of prefabricated 
concrete structural members [34], [35]. This method can predict the probability of failure of the 
members at any given point of time. The deterioration of material strengths and geometrical 
sizes, the effect of carbonation induced corrosion as well as the change of load effect in time can 
be taken into account during the analysis. Random input parameters that are considered by the 
developed method are the strength of concrete, steel bars and prestressing tendons, the height and 
width of cross section, effective height of steel bars and tendons and the load effect. 
 
 
New result #2.  
 
I compared the standard deviation of load carrying capacity of prestressed concrete beams 
derived from bending test results to the results of numerical analyses. I proved by this 
comparison that the developed method is appropriate for the analysis of the standard deviation of 
load carrying capacity in case of pre-cast concrete structural members [37]. I demonstrated that 
results of the numerical analysis can be used for practical purposes if the values of input 
parameters are derived from material test results and geometry measurements on the 
corresponding members. 
 
 
New result #3.  
 
I performed parametric numerical analyses on pre-cast, prestressed concrete beams with the 
following results [37]: 
 
a.) I determined the effect of standard deviations of different input parameters (height and 

width of cross-section, effective depth of tendons, strength of concrete and tendons) on the 
standard deviation of load carrying capacity of examined beams. The influence of the 
standard deviations of effective depth and concrete strength is the most significant, while 
change of the standard deviation of tendon strength has the least influence on the standard 
deviation of load carrying capacity in case of all examined beam types.  

 
b.) I proved that the failure probability of pre-cast, prestressed concrete beams is increasing as 

time is passing by; it is increasing as the level of relative humidity is increasing and it is 
increasing as the initial value of imposed load is increasing. I demonstrated the increase 
rate of failure probability as a function of different parameters graphically. Durability-
design of examined girders can be performed by the presented charts. 
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c.) I proved that the application of the presented method results in a more economic design 

(higher load carrying capacity or smaller member sizes) of the examined pre-cast, 
prestressed concrete beams than the use of the relevant Eurocode 2 standard. 

 
d.) I proved that the presented method can be efficiently applied for the durability analysis of 

existing pre-cast, prestressed concrete members using geometry measurements and material 
tests on the examined members. 



Kálmán KORIS   Durability-design of pre-cast concrete structural members 

- 73 - 

6. POSSIBLE ENHANCEMENTS OF THE METHOD 
 
The implemented stochastic finite element method proved to be adequate for the evaluation of the 
scatter of load carrying capacity if input parameters are properly given. However the described 
method can be improved in order to increase the accuracy of the life-span estimation. Some 
possible enhancements of the method are listed below. 
 
Knowing the exact process parameters is one of the most important factors for a proper 
probabilistic analysis. Initial values of these parameters can be derived from the result of quality 
control in case of pre-cast concrete members but their changes in time can be only approximately 
described. Calculation method of the process parameters in a given point of time should be 
verified by measurements on existing concrete members of different age, exposed to different 
environmental conditions. Evaluation of concrete and steel strength, level of carbonation and 
corrosion, the amount of concrete cover loss under actual conditions could provide information 
for more accurate analysis. 
 
Deteriorations, such as chloride or frost induced damage (with or without de-icing agent) could 
be considered during the analysis to improve the adequacy of results [46]. This would be 
especially important in case of pre-cast members for traffic infrastructure (e.g. prefabricated 
bridge girders) [32] or for industrial buildings under aggressive environmental conditions. 
 
As it was outlined in Chapter 4.1.2. a more accurate method for the calculation of the load 
carrying capacity should be used considering subsidence of the stress strain curve of materials. 
This way, the mean value of structural resistance could be calculated more precisely to give a 
better estimate for the probability of failure.  
 
The possibility of shear failure and other failure mechanisms for reinforced or prestressed 
concrete members, as well as the serviceability limit states, could be considered to provide a 
complex analysis for members. The effect of shear and torsion could be considered by the 
application of Thimosenko beam elements in the FE calculation. The behavior of reinforced 
concrete beams in case of combined actions (compression, bending, shear, torsion) could be, for 
example, described by the methods proposed in [27], [31], [32] or [43]. 
 
The proper stochastic distributions of structural resistance and load effect could be considered 
during the evaluation of failure probability. The structural resistance of reinforced concrete 
members can be, for example, described by the Weibull distribution [28], [30], [45], [71]. In case 
of the load effect, self weight can be described by lognormal distribution while type I. extreme 
value distribution can be used for imposed loads [45]. 
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8. APPENDIX 
 
 
The following appendices can be found on the enclosed CD-Rom: 

 

A1. Test record sheets 

− Test record sheet of compression tests on 150×150 mm concrete cubes by manufacturer M1 

− Test record sheet of measurements on prestressed concrete beams “4000” and “4700” by 

manufacturer M1 

− Test record sheet of compression tests on 150×150 mm concrete cubes by manufacturer M2 

− Test record sheet of measurements on prestressed concrete beams “EE-42”, “EE-48”, “EE-54” 

and “EE-66” by manufacturer M1 

− Test record sheet of compression tests on 150×150 mm concrete cubes by manufacturer M3 

− Test record sheet of tensile tests on BHB 55.50 steel bars by manufacturer M4 

− Test record sheet of tensile tests on BST 500 KR steel bars by manufacturer M5 

− Test record sheet of tensile tests on B 60.50 steel bars by manufacturer M6 

− Test record sheet of tensile tests on prestressing tendons by manufacturer M7 

 

A2. Source code of the “PFEM2008” software 
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